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Let ~Pk }a ~.3 be a sequence of nonneg,ative integers which satisfies S * v k.3 (J(- 41 Pk = 0 and 
p4~p3. Then there is a convex 4-valem polytope P in E ~ such that P has exactly p~. k-gons as 
faces. The inequality p4>~p3 is the best possible in the sense that for c< l  there exist 
sequences that are not 4-realizahI~- that satisfy bo,.h 8+ ~k~3 (k - 4) p~, = 0 and pz>cp~. When 
3£k~ s p~ ¢ 1, one can make the s~ronger statement that the sequence {Pk} is 4-realizable if it 
satisfies 8+ 5"k. 3 (k -4) Pk =0 a~rd p4~ > 2~k~ 5Pk -¢ max{k Ipk¢0}. 
1. Introduction 
A polytope is said to be n -va lent  if each verte;: is n-v:tlent (i.e. each vertex 
meets  exactly n edge~). Denote  the number  of k -gonal  faces of a convex polytope 
P in Euc l idean 3-space E 3 by p~. It follows easily f rom Eulcr 's  relation in E 3 that 
if P is n-valent ,  then 
(2n -- k(n - 2)) pk = 4n ( * ) 
k~3 
(Note that when n = 3, 4, or 6, the equat ion (*) does no~ involve P6, P,~, or P3 
respectively.) 
Conversely,  the Eberhard - type  theorems state: 
Theorem (Eberhard) .  Let f (3 )=6 and f (4 )=4.  Assume thr~t n ~ {3, 4} and {p~} 
( 3 <. k ~ f(  n ) ) satisfies ( ~- ). Then there exists a Pf(.) which makes {l)k} n-realizahle 
in E3; i.e. there exists an n-valent po!ytope P in E 3 with exactly Pk k-~,,ons 
(k ~ 3) as faces. 
Recent  research in this field has been concerned with the quest ion of for which 
values of/:'r,~ is a sequence satisfying (*) n-real izable.  Surv~.'ys of this topic can be 
found in [1], [2] and [3], The purpose of this paper  is to state and prove the 
fol lowing theorem.  
Theorem.  (a) I f  {Pk}k~3 is a sequence of nonnegative ,tztegers which satisfies 
8+ ~ (k -4 )  Pk=0 (*) 
k~->3 
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and is such that p~ ~ Pa, then there is a convex polytope P in E 3 which a-realizes 
{pJ. 
(b) The inequality in part (a) is the best possible in the sense that fat c< 1 there 
exist sequences that are not 4-~ealizable that satisfy both (*) and p,,> cp_~. 
(c) If lpk} satisfies (*) and p4>--2Y~k~5 pk+max{k[pkfi0}, then {p~} is 4. 
realizable. 
This theorem is an improvement over previous theorems which required cons~der- 
ably larger values of P4 (in terms of the other Pk'S) to 4-realize a sequence. The 
next section covers the proof of the above theorem. 
2. Proof of the theorem 
The proof of tl~e first and third statements of the theorem is by construction. A 
major tool for th~s proof is the following theorem by Steinitz (see [1, p. 235]). 
Theorem (Steinitz). A graph is realizable as a convex polytope in E 3 if and only if 
it is planar and 3-connected. 
Tl~e term "3-co_,.nected" here means that an} two vertices can be connected Oy 
three disjoint patias in the graph. Note also that the unbounded region is 
considered as a lace of the graph. This theorem convenient!y reduces the geometric 
problem to one of constructing planar graphs. 
Let {P'~}k.4 be a sequence satisfying (*). The approach of the proof will be to 
show how to construct a 3-connected planar graph that 4-realizes the sequence 
with a small enough number of quadrangles, along with an iterative technique for 
increasing their number. 
If P5 = 1 and Pk =0 for all k i>6, construct he graph as indicated in Fig. la, lb, 
lc, or ld depending on whether the desired value of p~ is congruent to 0, 1, 2, or 
3 (modulo 4) respectively, Note that the structure indicated in Fig. 2a appears in 
the preceding four graphs. This can then be modified as indicated in Fig. 2b to 
add any multiple of four quadrangles and so construct he desired number P4 of 
quadrangles. 
1/  
Fig. la. 
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Fig. lb. 
Fig. lc. 
' ~ ~"~. . . .  
Fig. ld. 
Fig. 2a. Fig. 2b. 
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Fig. 3b. 
Fig. 3a. 
Fig. 3c. 
Fig. 4a. Fig. 4b. 
If p,, = 1 for some m ~:6 and Pk = 0 for all other k ~5,  start the construction of 
thc graph as indicated ;n Fig. 3a. Additional edges of the m-gon twhich is 
pictured here as the unbounded region) can b~ added as indicated by Fig. 3b, and 
the graph may then be completed using the structure indicated by Fig. 3c. Note 
that the structure indicated by Fig. 3 z contains the structure indicated by Fig. 4a. 
This structure can be iteratively modified as indicated by Fig. 4b to add any 
multiple of three quadrangles. Note that one can also add any multiple of four 
quadrangles to the graph because the structure indicated by Fig. 2a appears in 
that indicated by Fig. 3a. The preceding two observations (noting the positive 
integer multiples of three and four can be added to equal any integer exceeding 
five) and a counting of the quadrangles already ~.onstructed justifies the construc- 
tion for this case. 
The case p~ =0,  k~>4, can be found in [1, p. 282]. 
Consider the remaining cases. First pair off any faces of the same size and 
construct hem in the manner indicated by Fig. 5. Should one have two faces, one 
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with one more edge than the other, alter the previous con~.truction as i~',dicated by 
Fig. 6, with the ;egions PI and P: havinf.,, the smaller and larger humbler of edges 
respectively. Should one face P2 have two or more edges than another face P1, the 
construction ine:icated by Fig. 7 may be vecessary. Ncte that the addition of 
k-gons, k ~ 5, in these constructions i accompanied by the addition of onl Y' two 
quadrangles for each. One may continue to construct faces in this manner and in 
such a sequence that the last face so constructed is an outside face (as it would 
appear in the illustrations here) and is connected to an inside face by the edge of a 
quadrangle Gr triangle. To see this, note that the previous constructions can be 
done so that the outer faces have fewer edges than the inner faces. 
If there remain six or fewer vertices of the final outer face not connected by an 
edge to the final inner face, finish the construction as indicated by Fig. 8a or 8b. 
Otherwise, continue the construction as indicated by Fig. 9~ adding on iterations 
of the construction indicated by Fig. 3b as needed and finishi,~g with the 
construction indicated by Fig. 3c. Io  further construct he desired number of 
quadrangles, first note that the construction indicated by Fig. 5 can ~'e replaced by 
that indicated by Fig. 10a. The structure indicated 9y Fig. 4a appears in that 
indicated by Fig. 10a and can be modified as indicated by Fig. 4b to add any 
multiple of three quadrangles. Note that if the construction ends as indicatc d by 
Fig. 8a, this construction can t~e altered as indicated by Figs. l la and 1 lb to 
change the number of quadrangles by oqe or two modulo 3 respectively. If the 
construction ends as indicated by Figs. 8b or 3c, the four triangles about the point o 
form the ~tructure indicated by Fig. 2a. These can then be modified as indicated 
by Fig. 2b to add any multiple of four quadrangles. Therefore, any value of the 
number of quadrangles modulo three can be constructed. Note that one may ab~o 
use here the construction indicated by Fig. 10b. The preceding observations show 
that the construction can be made to 4-realize the sequence for any value of P4 
which exceeds a certain number (easily seen to equal 2 ~k ~5 Pk + max{k [Pk ~ 0}L 
The azsumption that -Yk~5 Pk ~ 2 implies that the sequence is also 4-realizable for 
any p4>~p~. This completes the proof of the first and last statements of the 
theorem. 
Te prove the second statement of the theorem, let {Pk},, (n ~ 5), be a sequence 
which is 4-realizable and for which p~ = 1 and Pk = 0 for all k >J 5, k ~ n. Let P,, be 
a polytope 4-realizing {Pk}. Construct a graph by projecting P,, onto its n-gonal 
face, i.e. by letting the n-gon be the unbounded region. This graph then 4-realize~ 
{Pk},, and by Stcinitz's theorem is 3-connected. The object of the proof is to show 
that, from such graphs, as n approaches infinity, the minimum possible value of 
P4/P3 ha~ a limit of one. 
Regard the boundary in the preceding planar graph as oriented clockwise. 
Given an edge e, of the n-gon, define the furth~Jt clockwise vertex of e~ to be that 
vertex which can be reached from the other vertex of e~ by moving along e, in a 
clockwise direction. Associate to each edge e~ of the n-gon the 3 ef 4-gon t t:, 
which shares the edge, and the 3 or 4-gon G~ which includes the furthest 
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Fig. 5. 
f'~" ...... P2 ,~  
Fig. 6. 
7 ~ ...... -----~ s \  
Fig. 7. 
Fig. 8a 
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Fig. 8b. 
Fig. 9. 
Fig. 10a. 
\ / 
Fig. 10b. 
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Fig. l la .  Fig. l ib .  
k,gon e 
Fig. 12. 
clockwise vertex of e, and has an edge in common with F,. Because the faces of 
P,, are convex, the vertices are 4-valent, and the graph is 3-connected,  the F, and 
G~ each correspond uniquely to e~. (See Fig. 12.) 
The total number of faces which are 3 or 4-gons is then at least 2n. From the 
equation (* t one concludes that in this case P3 = t! + 4. 
Since I?~, + 03 ~> 2n implies P4 >~ n - 4. it follows that P4/P3  ~ ( n -- 4)/( tl q- 41. Then as 
n--- ,z.  (t~ -4)/(n +4)--* 1 and so p4/P3 ----> 1. 
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